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Abstract In the present paper, we introduce a new algorithm for the development
of efficient numerical methods for the analytical solution of the Löwdin-α radial func-
tion. The final results are expressed through the binomial coefficients, which enable
fast and accurate calculation of the Löwdin-α radial function. The comparisons of the
obtained results with the literature have shown that the presented approach can be used
for the fast calculation of multicenter multielectron integrals over Slater-type orbitals
(STOs). The efficiency of the algorithm is discussed and its performance with several
examples is demonstrated.

Keywords Slater-type orbitals · Löwdin-α function · Wave function ·
Multicenter integrals

1 Introduction

It is well-known that Löwdin-α radial functions play an important role in the study of
the electronic structure of molecules. The different approaches of Löwdin-α function
method for solving overlap integrals with Slater-type orbitals (STOs) are available in
the literature [1–37]. The Löwdin-α radial functions are also central to the calculation
of arbitrary multicenter integrals based on the series expansion formulas about a new
center and one-range addition theorems for STOs [38–45], which necessitate one to
accurately calculate the overlap integrals, especially for the large quantum numbers.

The calculation of the molecular integrals by the use of expansion formulas of STOs
in terms of the Löwdin-α radial functions is reduced to the evaluation of Cnlλ

l ′ (i, j)
coefficients [2–17,46]. Therefore, the choice of reliable formulas for evaluation of
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Cnlλ
l ′ (i, j) coefficients is of prime importance in the accurate calculations of the molec-

ular integrals over STOs. The analytical formula to calculate Cnlλ
l ′ (i, j) coefficients

have been proposed in the article [23–33]. We have generalized Sharma’s analytical
formula [23–33] by using Jones’s polynomial method [17] for calculating Cnlλ

l ′ (i, j)
coefficients. The formula is represented in terms of binomial coefficients, which make
for faster and more accurate evaluation of the Cnlλ

l ′ (i, j) coefficients.

2 Expressions for Löwdin-α radial functions and Cnlλ
l ′ (i, j) coefficients

in terms of binomial coefficients

The Slater-type orbitals are defined with respect to the Löwdin-α radial functions by
[2–17]:

χnlm(ζ,
→
r ) = (2ζ )n+ 1

2√
(2n)!ζ n−1

[
(2l+1)(l+m)!

4π(l−m)!
]1/2 ∞∑

l ′=m

[
4π(l ′+m)!

(2l ′+1)(l ′−m)!
]1/2

(−1)m

×αnlm
l ′ (ζa, ζr)Sl ′m(θ, ϕ), (1)

where

αnlm
l ′ (ζa, ζr) = (2l ′ + 1)(l ′ − m)

2(l ′ + m)

n+l+l ′∑
i=0

n+l ′∑
j=0

Cnlm
l ′ (i, j)Hi j (ζa)i−l−l ′−1 (ζr) j−l ′−1,

(2)

and

Hi j =
{

e−ζa
[
(−1) j eζr − e−ζr

]
, r < a

e−ζr
[
(−1)i eζa − e−ζa

]
, r > a

. (3)

See [17] for the exact definition of quantity a. Here, the complex and real spherical
harmonics Slm are determined by

Slm(θ, ϕ) = Pl|m|(cos θ)	m(ϕ), (4)

where Pl|m| are the normalized associated Legendre functions [47,48] and for complex
spherical harmonics (SH)

	m(ϕ) = 1√
2π

eimϕ, (5)

for real spherical harmonics

	m(ϕ) = 1√
π(1 + δm0)

{
cos |m|ϕ for m ≥ 0
sin |m|ϕ for m < 0

. (6)
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It should be noted that our definition of phases for complex spherical harmonics
(Y ∗

lm = Yl−m) differs from the Condon-Shortley phases [49] by the sign factor.
One of the efficient methods to calculate Cnlm

l ′ (i, j) coefficients has been proposed
by Sharma (see [23–33])

Cnlλ
l ′ (i, j) = (l − 1

2 )!(l ′ − 1
2 )!

(l + λ)!(l ′ − λ)!
min{[i/2],l+l ′}∑

K=0

min{[ j/2],l+l ′−K}∑
k=0

× (n + l + 2l ′ − 2K − 2k)!
(i − 2K )!( j − 2k)! bl+l ′−K−kk(lλ\l ′), (7)

where

bK k(lλ\l ′) = (l − λ)!(l + λ)!(l ′ − λ)!(l ′ + λ)!(l − K − 1
2 )!(l ′ − k − 1

2 )!
(l + l ′ − K − k)!(l − 1

2 )!K !(l ′ − 1
2 )!k!

×
l−λ∑
s=0

(−l + K + k + s − 1
2 )!

s!(l − λ − s)!(l ′ − l + s)!(−l + s − 1
2 )!(l + λ − s)! . (8)

Another efficient method for calculating Cnlλ
l ′ (i, j) coefficients has been proposed by

Jones (see [17]) following

∑
i=0

∑
j=0

Cnlm
l ′ (i, j)air j

=
[(l+m)/2]∑

p=0

l+m−2p∑
q=0

l+m−2p−q∑
v=0

[(l ′−m)/2]∑
p′=0

l ′−m−2p′∑
q ′=0

l ′−m−2p′−q ′∑
v′=0

t∑
k=0

t−k∑
k′=0

× axr y(−1)v+q ′+p+p′+l(2l − 2p)!(2l ′ − 2p′)!
4l+l ′+p−p′

(l − p)!p!p′!q!q ′!v!v′!(l + m − 2p − q − v)!
× (n − l + 2p + 2q + 2q ′)!

(l ′ − p′)!(l ′ − m − 2p′ − q ′ − v′)!k′!(n − l + 2p + 2q + 2q ′ − k − k′)! .
(9)

Here x = n + l + 2l ′ − 2p′ − 2v′ − 2v − k − k′, y = 2p′ + 2v + 2v′ + k′ and
t = n − l + 2p + 2q + 2q ′.

We notice that the calculation results of Formulas (7) and (9) with respect to some
values of i and j are not in complete agreement. It is clear from our tests that the
Jones’s polynomial method (Eq. 9) for arbitrary values of parameters i and j yield the
correct results. By using Jones’s polynomial method, we have generalized Sharma’s
analytical formula for arbitrary values of i and j . We can also express Sharma’s ana-
lytical formula for the Cnlm

l ′ (i, j) coefficients in terms of binomial coefficients. Thus,
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Sharma’s analytical formula for the Cnlm
l ′ (i, j) coefficients becomes

Cnlλ
l ′ (i, j)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(n + l + 2l ′ − i − j)!
min{[i/2],l+l ′}∑

μ=0

min{[ j/2],l+l ′−μ}∑
ν=0

Fj−2ν(n + l + 2l ′ − 2ν − i)

×Fi−2μ(n + l + 2l ′ − 2μ − 2ν)Bll ′λ
μν for i + j ≤ n + l − λ + 2l ′.

0 for i + j > n + l − λ + 2l ′
(10)

In Eq. 10, the coefficients Bll ′λ
μν are also rewritten in terms of binomial coefficients as

Bll ′λ
μv = Fμ

(
μ + v − l ′ − 1

2

)
(v − l ′ − 1/2)!(l ′ − v − 1/2)!

×
l−λ∑
s=0

Fs(l − λ)Fl+λ−s(l
′ + λ)Fl+l ′−μ−v

(
l ′ − μ + s − 1

2

)

×Fv

(
s − l + v − 1

2

)
. (11)

Here the quantities Fm(n) are determined by

Fm(n) =
{ n!

m!(n−m)! for 0 ≤ m ≤ n
0 for m < 0 and m > n

. (12)

For quicker calculations for the positive integer values of n, the binomial coefficients
are stored in the memory of the computer. For the binomial coefficients, we use the
following recurrence relation [50–52]

Fm(n) =
(

n + 1

m
− 1

)
Fm−1(n). (13)

In order to put these coefficients into or to get them back from the memory, the
positions of certain coefficients Fm(n) are determined by the following relation

F(m, n) = n(n + 1)

2
+ m + 1. (14)

The clarifications of Eq. 14 are presented in Ref. [50]. In Eqs. 7, 8, and 11, the factorial
(p − 1/2)! has the form [33]

(p − 1/2)! =
{

(p − 1/2)(p − 3/2) . . . 1/2 for a positive integer p
1/[(−1)−p(−p − 1/2)!] for a negative integer p

, (15)

with (−1/2)! ≡ 1. Thus, the following relation holds [33]:

(p − 1/2)!(−p − 1/2)! = (−1)p. (16)
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As can be seen from the Eqs. 10 and 11, the Cnlm
l ′ (i, j) and Bll ′λ

μv coefficients are
expressed in terms of binomial coefficients. The new algorithm is conceptually easy
and it offers computational time advantage over currently available algorithms. As an
application of Eq. 10, we have solved the basic nuclear attraction integrals over STOs
by using following formulae (see [46,53])

Jnlm(ζ,
→
R) = 2n

√
2π

ζ(2n)!
n+1∑
i=0

n∑
j=0

j !Cnl0
0 (i, j)

×
⎡
⎣ j∑

k=0

1

( j − k)! (Rζ )i+ j−l−k−1
(
(−1)i − (−1) j−k−1

)

−2e−ζ R(Rζ )i−l−1

]
Slm(θ, ϕ). (17)

3 Numerical results and discussions

We have presented a simple and straightforward algorithm for evaluating the Löwdin-
α radial functions in terms of binomial coefficients. The use of this approach allows
us fast and efficient calculation of multicenter multielectron integrals over STOs.
From the viewpoint of computational efficiency and accuracy of our and various other
approximations, the basic nuclear attraction integral over STOs was evaluated by the
Mathematica 6.0 International Mathematical Software on an AMD AthlonTM 2 Duo-
Core Processor TK-55 1.80 GHz computer. The comparative results of the calculations
for the basic nuclear attraction integral over STOs are presented in Table 1. It can be
seen from Table 1 that the results for the basic nuclear attraction integral over STOs
using Eq. 10 show the CPU times to be remarkably less than the other results (Eq. 7).
The usefulness of the new approach for Cnlm

l ′ (i, j) coefficients is widely acknowl-
edged and is valued for its simple and quickness of calculation. Overall, the present
results provide an alternative analytic structure for discussing and designing multi-
center multielectron integrals over STOs.
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